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A finite series is a sum of numbers
ap + az +ag + -+ -+ apn.
For example, the sum of numbers
14+2+3+---+98+99+ 100

forms a finite series.

There is a nice story about the great mathematician Carl Friedrich Gauss
as a young boy. Gauss was always finishing his work too quickly, so his
teacher, to keep Gauss busy, gave him the task of adding up the counting
numbers from 1 to 100. Gauss, however, surprised his teacher by completing
the task very quickly.

This is how he did it. First, he wrote out the sum

s=14+243+---+100.

He then wrote out the same sum backward, and then he added the two
together.

= 1 + 2 + 3 + ... + 98 + 99 4+ 100
+ s = 100 + 99 4+ 98 + ... + 3 + 2 + 1
2s = 101 + 101 + 101 + ... + 101 + 101 + 101
100 times

The result was 2s equals 101 added 100 times. That is, 2s = 100 - 101,

and therefore L00)(101
s = —( )2( ) =5, 050.
Don’t you wish that you were as clever as the little boy Gauss!
If we add the integers from 1 to n, then by replacing n for 100 in the

formula above, we get the formula
_n(n+1)

L4243+ +n=—"—. (1)

Example. Find the sum of the integers from 1 to 1000.

1000(1000 + 1)

Solution. 14+2+34---+1000 = = 500-1001 = 500, 500. [I




11.2 Series

Arithmetic Series

If the terms of a finite series form a arithmetic sequence, then we say that the
series is an arithmetic series. For example, the sum of the odd numbers

14+3+5+---+95+97+99
is a finite arithmetic series because the terms 1, 3,5, ..., 99 form an arithmetic
sequence.
Example. Let’s find the sum of the odd numbers
s=14+3+54---+99

by using the same trick that Gauss used as a little boy. We write out the
sum forward, then backward, and finally we add the two together.

s = 1+ 34 5+ ... + 9 + 97 + 99
+ s = 99 + 97 + 97 + ... + 5 + 3 + 1
2s = 100 + 100 + 100 + ... + 100 + 100 + 100
SO?i?nes
2s = 50(100)
50(100
5= (2 )=(50)2=2500.

Notice that half of the integers between 1 and 100 are odd, the other half
are even. Therefore, there are 50 odd numbers between 1 and 99.

In general, the sum of the first n positive odd integers is n3.

We will now develop a formula for finding the sum of a finite arithmetic
series. Let’s denote the first term of an arithmetic series by ay, the last term
by a,, and the common difference by d. We first write the series forward,
then backward, we finally we add the two together.

s=a1+ (a1 +d)+ (a1 +2d) + -+ (a1 + (n — 2)d) + (a1 + (n — 1)d),
s =ay+ (@, —d) + (a, —2d) + - - + (a, — (n — 2)d) + (a, — (n — 1)d),
25 = (a1 +ay) + (a1 + an) + -+ (a1 + an) + (a1 + ay)

Y
N J/
-~

n times
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2s =n(a; + ay),

n(a; + ay,)
—

Thus the sum of an arithmetic series of n terms, with first term a;, and
last term a,, is

n(ay + ay)

s=——p— (2)

Example. Find the sum of the arithmetic series

2—1—-4—-7—---—5b.
Solution. The first term is a; = 2 and the last term is a, = —55. It is a
little more difficult to determine how many terms there are. The common
difference is d = —3, so a formula for the kth term is of the form a; = —3k+-c.

By putting in k = 1, we see that ap = —3k + 5. We have that a,, = —3n+ 5,
and a, = —55, so it follows that n = 20. We put this all into formula (2)

and get

) 20(2+ (=55
s = ”(“1;‘“ ) _ 20 ‘i; D _ 530, C

Sigma Notation

A convenient way to write the sum of a finite series of numbers is to use the
Greek letter X, upper case sigma.
Returning to the previous example, the sum of the odd numbers,

14345+ +99,

form an arithmetic series, with first term ¢ = 1, common difference d = 2,
and n = 50 terms. A formula for the kth term is ay = a +d(k — 1) =
14+ 2(k—1) =2k — 1. We can write the series as

50
L4345+ 4+99=>) (2k—1).
k=1

Below the sigma is the starting number for the variable k; in this case, k
starts at 1. On the top of the sigma, we write the ending value for the number
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k; in this case, k ends at 50. The variables commonly used in summation
notation are 7, 7, k, I, m, and n. When we write a finite series this way,
it is said to be written using sigma notation or summation notation. The
variables in summation notation only take integer values.

Example. Expand the series that is given in sigma notation. Do not evaluate

the sum. ,
s=) (2K +1)
k=1

Solution.

s=Y (2K +1) = (2(1)> + 1) + (22 + 1) + (2(3)> + 1) + (2(4)* + 1).

O

Example. Write the series using summation notation,

24+5+8+ 11+ 14+ 17+ 20.

Solution. The sequence
2,5,8,11,14,17,20

is an arithmetic sequence with common difference d = 3. Therefore a formula
for the kth term is of the form ay = 3k + ¢. By putting in k = 1, we see that
c = —1, so we get a, = 3k — 1 as a formula for the kth term. We also see
that the first term corresponds to k = 1, and the last term corresponds to
k = 7. Putting this all together gives

S

k=1
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Geometric Series

A geometric series is a series of numbers in which each term after the first
is obtained from the one before it by multiplying by a fixed number, r, called
the common ratio.

An example of a finite geometric series is

1+2+4+4+4+8+ 16+ 32.
The first term is a = 1 and the common ratio is the number r = 2.

A finite geometric series with n terms can be written as

a+ar+ar®+---+ar" L.

Using sigma notation and using the variable £ starting at 1 and going to
n, we write a geometric series as

n
a—l—ar—l—ar2+---—|—ar”_1:§ ar® 1.
k=1

Let’s find a formula for the sum. Denote the sum of the series as s and
write it out, and then multiply the series by 7.

s=a+ar+ar*+-+ar"? +ar"

rs=r(a+ar+ar®+---+ar" 2 +ar™ )

=ar+ar’+ar®+ - +ar™ ' + ar”.
Now subtract and cancel terms. We get

s—rs=a—ar".
s(l—=r)=a(l—1r")
a(l —r")

5= 1—r

Example. Find the sum of the geometric series given by

1+24+4+8+16+32464+---+2%.
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Solution. The series can be written as
2171 4 2271 + 2371 S 2100*1.

The first term is ¢ = 2 and the common ratio is r = 2. There are n = 100
terms. The sum is then given by

a(l —r") _ 1(1 =2 — 9100 _
1—r 1-2 '

S =

If the common ratio, r, is a number such that
-l<r<l

Then for very large n, the number 7" is very small. For example, if r = 1/2
and n = 100, then

This is a very small number.

We say that as n approaches infinity, r™ approaches 0, provided that
—1 < r < 1. The expression r™ appears in the formula for the sum of a
geometric series. As n approaches infinity,

a(l —r") a(l1—0) 1

S T, approaches T T,

If we let n approach infinity, then the sum is called an infinite geometric

series and is written as
a—i—ar+ar2+...

Using summation notation, we write

oo
ar™ P =a+ar+ar’+ ...

n=1

Thus the sum of an infinite geometric series is

a+ar+ar2+...1l, when — 1 <r <1. (3)
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Example. Any infinite repeating decimal can be represented as a rational
number. For instance,

1
0.333--- = —.
3

To show why this is true, we can write this repeating decimal as a geometric
series. We have

0.333...=0.3+0.03+0.003 + ...

—-3+-3 + 5 +
10 100 1000

The first term is a = 3/10, and the common ration is r = 1/10. Thus,
the sum is

a 3/10  3/10 1
§ = = = —.

1—r 1-1/10 9/10 3

Exercises.
Find the sum of the arithmetic series using formula (2).

1 142434 - +500
2. 24+44+6+84+---+100.

3. 1444+ 74+10+13+ -+ (3k —2) +--- + 298,
4.2-2-6-10—14— - — 74,

5. 11 +12+4+13+ 14+ --- + 80.

Write the sum in expanded form. Do not evaluate the sum.

5

6. Y Vi

i=1
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kS

M-

k=1
Write the sum using sigma notation.
10 1+3+5+7+9+11+13+15
11. T+4+9+ 16+ 25+ 36
12. 2444+6+---+2n
13. 1+2+4+8+16+ 32

4. 24+ 224+22+ -+ 210

Using formula (3) for the sum of an infinite geometric series, find the sum.

514t by
gt

1 1
16. 4 -2+1— -4 —-—...
* 2+4

2
17.6 =24+ - — ...
+3

Express as a fraction.
18. 0.6 = 0.666. ..

19. 0.23 = 0.232323 . ..
20. 5.725 = 5.72555 . ..

Solutions.

Find the sum of the arithmetic se- % = 250-501 = 125, 250.

ries using formula (2).
2.5 =24+4+6+8+---+ 100.

1. s = 14243+ - 4500, n = 500, an = 2k a, = 2n = 100,
n(n+1)

using formula (1), s = =5~ = n =50. a; = 2, asy = 100, us-
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ing formula (2), s = W _

w =50-51 = 2550.

3. 8 = 14+44+7+10+13+ - -+ (3k—
2)+---+298. a = 3k—2, a,
3n —2 =298, n=100, a; =
ajpo = 298, s = —"(“12“”)

100(14+298) _

—5— = 50-299 = 14950.

—_

4. s=2-2-6—-10—14—---—T74.
a:2,d:_47ak:2+
(—4)(k —1) = -4k + 6. a, =
—4n+6 = =74, n = 20, a; = 2,
a0 = —74, 5 = Mute) _
20(2+é—74_>> =10-(—=72) = —720.

5. 8=11+12+13+14+---+80.

ay = k+10, 1 < k < 70,

n="170,a, =11, a;0 = 80, s =
n(ai1+an) _ 70(11+80) —35.9] =

2 2 =
3185.
Write the sum in expanded form.
Do not evaluate the sum.

6. Y Vi=VI+V2+V3+Vi+
731

6

7. 232' =3+32+3%4+34435 436
=1
4

2k — 1
. =—1+1
8 ;%H +1/3+3/54+
5/7+7/9

8
9. Zkf” =134+22 4P+ 43455+

k=1
63+ 73 + 83

Write the sum using sigma nota-
tion.

10. 1+34+54+7+9+11+13+15 =
8

> 2k +1)

k=1

6

11. 14+4+9+16+25+36 = Zk@
k=1

12. 2+4+6+---+2n:22i
k=1

5
13. 1+2+4+8+16+32:Z2’“
k=0

10
14. I+I2+$3+“'+I10:ka
k=1

Using formula (3) for the sum of
an infinite geometric series, find
the sum.

15 1+1+1+
. 5= -+ -
2 4

r=1/2,s=14 = =2

1 1
6. s=4—-24+1—-+-—....
s + 2—|—4
a=4r=-1/2, s = %~ =

1
4
1—(-1/2) 8/3

2
17. s:6—2+§—...,a:6,r:

— _a 6 —
—1/3,3—E_m_
9/2.

Express as a fraction.



11.2 Series

18. 0.6 = 0.666--- = 0.6 + 0.06 +
0.006 4+ ..., a =06, r = 0.1,

19.

s= L =06 _9/3

1-0
023 = 0.232323--- = 0.23 +
0.0023 + 0.000023 + ..., a
023, 1 = 001, s = %
023 _ .23 _ 23

1-0.01 = 0.99 ~ 99°

10

20. 5.725 = 5.72555--- = 5.72 +

0.005 4 0.0005 + 0.00005 + . . .,
a = .005, r =0.1, s =572 +

a_ _ 572, 0.005 _ 572 | 0.005 _
A7y B 20 08 ; 100155 2 N
o972 R I 945 _ 9193 (ion
100 + 500 = ~o00 = oop (rTe
ducible).



