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6.4 Double-Angle Identities

Here are some more trigonometric identities. You will have to know some of
these identities is calculus 2.

Double-Angle Identities
1) sin20 = 2sinfcosf
2)  cos20 = cos?h — sin? 0

(1)
(2)
(3) cos20=1—2sin*0
(4)

4) cos260 =2cos?6 —1
2tand

5) tan20 = ———

(5) tan 1 —tan?6

PROOF OF (1)
sin(a + ) = sina cos B + cos asin

Let a=60and g =0
sin(f +6) = sinfcosf + cosfsinb
sin(20) = 2sinfcosf [

PROOF OF (2)
cos(a+ ) = cosacos § — sin asin 3

Let a =60 and 5 = 0.
cos( +60) = cosfcosf —sinfsind
cos(20) = cos*f —sin*0 [

PROOF OF (3)
cos(20) = cos* —sin? 0
cos(20) = (1 —sin®f) —sin®@
cos(20) = 1-2sin*0 [



6.4 Double-Angle Identities

Math 170 Notes

PROOF OF (4)

cos(20)
cos(20)
cos(20)

PRrROOF OF (5)

tan(26) =

= cos?f —sin?6
= cos?f — (1 — cos? )
= 2cos’f—1 [
sin 26
cos 20
2sinf cos 6

cos2 @ — sin? 6

cos2f —sin? 6
2sinf/ cosd

2sin 6 cos 6 1/ cos*6
1/sin* 6

1 —sin?6/ cos? 6
2tan6

1 —tan?4

Example Given cosf = 3/5 and 6 lies in quadrant III, find sin 26, cos 26.

SOLUTION
First find sin 6.

5
b
0
3
adj
cosf = WIJ) = %
Use the Pythagorean Theorem to find b.
32 +b? = 52
9+b>=25
b =16



6.4 Double-Angle Identities Math 170 Notes

b=14
4
sing = PP _ 2 +Negative because 6 lies in QIV.
hyp )

sin20 = 2811190089:2(—4) (g) :—%

5 25
2 4\ 2 1
cos20 = cos’f —sin’f = (3) —(—) :g——(j:—l
5 5 25 25 25

The following identities follow from the double-angle identities.

1- 20 1 20
(1) sin*f = %, (2) cos’6 = —1—0208

PRrOOF OF (1)

cos20 = 1—2sin’0

2¢in’f = 1 — cos26
1— 20
sin?f — % O

PROOF OF (2)

cos20 = 2cos’f — 1

2¢c08’0 = 1+ cos26
1 20
cos’l = +C208 L]

Example Write sin? z in terms of cos x.
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SOLUTION

sintf =

O W — | R =/

sin? 9) ?
1—cos20\>
2

VR

1 — 2co0s 260 + cos? 20
( )

N~ DN~

1
(1 — 2cos 20 + 5(1 + COS49))
cos 20 + ! + E cos 40)
8 8

1
cos 20 + 3 cos46 L[]

Half-Angle Identities

0 14 cosf

1 - =4/ —
(1) cos2 \/ 5
1_

(2) singzi\/icose
2 2

0 1 —cos@

(B) tang ==\ T osd

0 sin A
4) tan- = ———
(4) an2 1+ cos@

0 1—cosét
5 tan—- = ———
(5) tang =—2"

PRrROOF OF (1)

C

9 1+ cos2a
s = ———(———
2
/1 52
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Letozzg
2

cose . 1+cos2(g>
2 2

0 1+ cosf
- = H/—— U
0082 5

The proof of (2) is similar. The proofs of (3), (4), and (5) involve using the

identity tan /2 = 22%; and using (1) and (2).

Example Find the exact value of cos 15° using the half-angle identity.

SOLUTION The value of cos 15° will be positive because 15° is an acute angle.

cos 15° = cos

Example Given sinf = 3/5, with € in quadrant II, find sin /2.
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SOLUTION
First find cos 8.

5

: __Opp _ 3
sm@—hyp—5

We could use the Pythagorean Theorem to find b, but if we remember that
3,4,5 is a Pythagorean Triplet, and then we get b = 4.
adj

cos) = — = —— <Negative because @ lies in QII.
hyp 5

0 1—(:080

sin — =

Il
H_

I
\H N | —
A
Q| EE w
+
SIS 3‘_5
N

9 3v10
= :t\/_

10 f 10

If 6 lies in quadrant 1T, then 90° < 6§ < 180° and therefore 45° < 6/2 < 90°.
We see then that 0/2 lies in quadrant I, so that the value of sin /2 will be
positive.

3v10

ANSWER: Sine/Q:T ]



6.5 Product and Sum Identities (optional section) Math 170 Notes

6.5 Product and Sum Identities (optional section)

Product-to-Sum Identities
1
cos Acos B = 5 [cos(A + B) + cos(A — B)]
1
sin Asin B = 5 [cos(A — B) — cos(A + B)]

1
sin Acos B = 5 [sin(A + B) + sin(A — B)]

1
cos Asin B = 5 [sin(A + B) —sin(A — B)]

Example Using a Product-to-Sum Identity. Write 4 cos 75° sin 25° as the
sum or difference of two functions.

Sum-to-Product Identities

Sum-to-Product Identities

sin A+ sin B = 2sin(

2
A-B
2

sin A —sin B = 2 cos

A—B)
)

(
)
: <A—B)

2

cos A — cos B = 2sin

cos A+ cos B = 2cos<

s
+ o
Sy,
~

Example Using a Sum-to-Product Identity. =~ Write sin20 — sin46 as a
product of two functions.



