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7.6 Polar Coordinates and Polar Graphs

Polar Coordinates

Up to this point, we have been using the rectangular coordinate system
to describe points in a plane. A point is given by two coordinates, (x,y). The
z-coordinate gives the position relative to the z-axis, and the y-coordinate
gives the position relative to the the y-axis.

(x.y)

There is another way to describe a point P in the plane. In the polar
coordinate system, a point P in the plane is described by two coordinates,
(r,0). The first coordinate r, is the distance of the point P from the origin.
The second coordinate, 6, is the angle whose initial side is the positive z-axis
and whose terminal side is the ray starting at the origin and passing through
the point P. In the polar coordinate system, the origin is called the pole.
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Example Plot the points whose polar coordinates are A(2, 57/6), B(2, 57/4),
C(L _7T/2)7 D<_37 7T), E<_27 7T/4)

SOLUTION
2,,
A(2,51/6)
o 11
D(-3,m)
3 B =l 1 2 8
1$C(1,-n/2)
B(2.57/4),
E(2,~m/4
@end)
Identities

By definition, cosf = £, and sinf = . (x.y)

We can rewrite these as

xr=rcosf and y = rsinf

Using the Pythagorean Theorem, we have

r* =24y

We also have the definition of tangent,

tanf = 2

x
Using these identities, we can convert
from polar to rectangular coordinates, and
vice versa.

Example Covert the following point (4, 7/4) from polar coordinates, (r, ),
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to rectangular coordinates, (z,y).
SOLUTION 7 =4, § =m/4.
z=rcosh =4dcosm/4=4(v2/2) = 2V2

y=rsinf = 4sinm/4 = 4(v/2/2) = 2v2
Answer: (v/2/2,v2/2).

Example Covert the following point (—2,2) from rectangular coordinates,
(x,y), to polar coordinates, (r,0). SOLUTION First plot the point.
3

(_272)0 2

We have x = —2, y = 2. We first find r.
rP=a? 4yt = (=2 + (2 =4+4=38,

7‘:2\/5

Now we find 0.
Tz =1rcosf
—2 = 2/tcosh
2
——— =cosf
2V2
V2

h=—2=
COS 9

We can see that @ lies in quadrant IT and that the reference angle is cos ™! V2 /2 =
m/4. Therefore 6 = 3 /4.

Answer: (2,3m/4).
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Polar Graphs

It is sometimes more convenient to express the equation of a curve in polar
coordinates rather than in rectangular coordinates. Let’s jump in and sketch
the graphs of some polar equations.

Example Sketch the graph of the polar equation.

1. r=2

SoLUTION The graph is the set of all points a distance of 1 from the
pole (origin), that is, a circle of radius 2 centered at the origin.

2. 0=m/4
SOLUTION The graph is a line that makes a 45° angle with the z-axis,
that is, the line y = x.
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2,
l,
6=m/4
3 I 1 2 3
-1+
i

3.r=0, 6>0

SOLUTION The graph is a spiral.

4. r = 2cosl

SoLuTION This equation needs to be treated in a very particular way
that is different from the other equations. First multiply both sides by
r.

r? = 2rcosf
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We then use the identities 72 = 2% + y? and 2 = 7 cos § to get
r? 4+ y* =2
v =22 +1y* =0
We then complete the square, adding 1 to both sides.
(® =20+ 1)+ =0+1

(z—1)2+y* =1

The equation of the circle in Cartesian coordinates with center (h, k)
and radius r is

(x—h)?*+(y—k)?=r?

Therefore, the graph is a circle with center (1,0) and radius 1.

5. r = cos 20

This first graph is optional. We use this graph to sketch the final an-
swer.
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3,
T
21
r = cos 260
AN ANA
-4 nM w2 34w Smid 3w/2 Th/A 2m
2

The final answer is called a four-leaf rose.

T

- IT'=co0s20
0=3md~_ [ | | o=mwa

6. r = cos 30



7.6 Polar Coordinates and Polar Graphs

Math 170 Notes

T =cos 30

AVANVANE

6 nWZ 2n/3 SW/G 4n/3 372 5n/3 116
<

24
0=m/2 r =cos 30
057/ 6 /,/"’9:71/ 6
9:771/’6/,—"' . 0=111/6
0=3m/2 e
7. r = cos46
T
2
r=cos 40
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{1\ el 0=157/8

0=11n/8/ 0=137/8

[

8. r =sin26
3]

T T =sin 20

/4w 3n/4 Sn/4 3w Trn/4 14

=24
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1 r=sin 20
0=n/2
§ O=n 0=0
-1 1
0=31/2
-1
9. r =sin 360
3]
2,
T r = sin 36

JANA

0
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We can make a general statement. The graphs of r = cosnf and r =
sin nf are roses with 2n leaves if n is even and n leaves if n is odd.

11



