Integration of Rational Functions

In class we studied the integrals of rational functions where the denom-
inator is a quadratic, axz?® + bz + c. If the numerator has degree greater or
equal to the degree of the denominator, we first do long division. Then we
can break up this type of integral into three different cases. An example of
each case is given as well as two homework problems for each case.

Case I: The quadratic in the denominator has two distinct roots (b* — 4ac > 0)

EXAMPLE: / ﬂ dx
224+ 62 +5

b? — 4ac = (6)* —4(1)(5) =16 > 0

Partial Fraction Decomposition:

3r+7 3r+7 B A B

ZL‘2—|—6:E—|—5:(1‘+1)(J}—|—5) x+1+x+5

Clear the fraction.

3v+7=A(x+5)+B(x+1)

Let x = -5
3(=5)+7=A(-5+5)+B(-5+1)
—8=-4B, B=2
Let z = —1
(1) +7=A(-1+5)+B(-1+1)
4=4A, A=1
3r+7 1 2

(x+1)(x+5) x+1+x—|—5



3x +7 1 1
/ dr = /( +2- )dx
(x+1)(x +5) x+1 r+5

= Injz+1|+2Injz+5/+C O

HOMEWORK:
br —
)
2+ 6:L‘ + 8

o / r+9
2 _7_6

Case II: The quadratic in the denominator has one root (b* — 4ac = 0)

3z + 7

EXAMPLE: / _
2 +6x+9

b? — dac = (6)* — 4(1)(9) =0

Partial Fraction Decomposition:

3r+7  3x+T7 A B

2462 +9 (x4 3)2 _x+3+(:1:+3)2

Clear the fraction.

3v+7=A(x+3)+B
Let x = -3

Let x =0
30)+7=A(0+3)+ B

7T=3A-2, 3A=9, A=3



3xr+7 3 2

(x+32 243 (x+3)?

[Grapte = [ (g -2ara) e

T+ 3
du = dx

= /(2—2(u)_2> du

-1
= 31n|u|—2-(u_)1+0

2
= 31 |+ ——+C O
n|z + |—|—($+3)+

HOMEWORK:
5 / T +5
x? + 4z + 4
3r —2
. /—
2 4+ 10z + 25
Case III: The quadratic in the denominator has no real roots (b* — 4ac < 0)

3x+ 7
EXAMPLE: /7d
x24+2x+5 v

b? —dac = (2)> —4(1)(5) = -16 < 0

3r+7
/72 dx
x> +2x+5

3



Complete the square
_ / 3r+7 de
(22 +2x+1)—1+5
3+ 7
B / @+12+4

u=x-+1
dr = du

r=u—1

 3u—1)+7
_/ wrya

/3u—|—4d
= — du
u2 +4

3u 4
- /u2+4du+/u2+4du

/ 3u

u? +4
E=u?+4
d¢ = 2u du

1
§d§:udu
1 r1
= 3‘2/gdf
= 3111\5]—1—0
= gln|u2+4|—|—0

3
= 5ha|(:c+1)2+4\+0

1 1
Formula: /7 du = = tan~! (u> +C
u? 4 a? a



4
d
/u2—|—4 “

1
= 4. §tan_1 (g)

= 2tan”! <$+ 1>

3x +7 3 9 af(r+1

HOMEWORK:
r+9
5/ dx
2 4+ 4x + 13

2¢ — 1
6/ d
2+6x+13 "



