° —dd sinx = cosx
XL
d . .

e - cosx = —sinw
XL

e Ltanz =sec?

dx

° dicotx:—CSCZx
i
d _

° Esecx—secxtanx
d _

° @cscx——csc:ccota:
d _1

o dm1n|x’_m
d 1

® Eloga|x| xlna
d_ x _ x

o —et=e

° diax:amlna
XL
d =1, 1

o SN ¥ = s

M, = Az [f(T1) + f(@T2) + ... + f(Tn)]

Formulas

e sin’f =

% cos tx = — 1£x2
Lonl o = o

% cot™lx = —H%

% sec ly = x\/;?ﬁ
d 1 1

iz CsC "I = T vl

sin?6 + cos?0 =1

e sin20 = 2sinf cosf
e tan?f + 1 = sec? 0
e c0s20 = cos? 6 —sin’6

o cot?0 + 1 =csc?6

1 (1 — cos 26)

e cos?f = 3 (1 + cos20)

T = &5 [f(20) +2f (1) + 2f (x2) + ... 4 2f (2n1) + f(2n)]

Sp = 55 [f(20) + 4f (w1) + 2 () + 4f (23) + ...+ 2f (Tn-2) +4f (0-1) + f(20)]

If | f"(x)] < K for a <z <b, then |Ep| <

If | f®(z)| < K for a < 2 < b, then |Eg| <

—a)3 —a)3
K0l and |Ep| < K2

24n

K(b—a)®

180n4



Math 185 Chapter 7 Practice Test

Evaluate the integral using integration by parts.

1. /a:2 sin 2z dx



2. /sin(lnx) dx



Evaluate the trigonometric integral.

3. /sin6 xcos® x dx

w/2
4. / cos? r dx
0



5. /tan3xse05x dx



Evaluate the integral using a trigonometric substitution.

ZL‘5
6. /7d
Va2 +4 !



7. Write out the form of the partial fraction decomposition of the function.
Do not determine the numerical values of the coefficients.
1
3+ 222+ x

(a)

rz—1
3+



8. Evaluate the integral.

1
(a) /(x+4)(x—1) da




~

b)/

22—z +8

3 + 4x



9. For finding an approximation using the Simpson’s Rule, with n = §,

2
for the integral / e’ dx, state the following.
0

(e) Write out an expression for Sg, without evaluating the expression.

10



10. How large do we have to choose n so that the approximation for 7},, M,,

2
and 5, to the integral / e’ dx is accurate to within 0.000017
0

11



11. Determine whether each integral is convergent or divergent. Evaluate
those that are convergent.

(a) /OO 2™ dx

—00

(b) /Ogld:v

T

12



12. Use the Comparison Theorem to determine whether the integral is con-
vergent, or divergent.

oo 9 -z
/ te dx
1

T

13



Math 185 Chapter 7 Practice Test Solution Key

Evaluate the integral using integration by parts.

1. /a:2 sin 2z dx

u = 2> dv = sin 2z dx
du = 2z dx v=—1cos2z

2
/ud’u = uv—/vdu
1

1
= 2*. (—5 cos 2x) — /(—5 cos 2x) - 2z dx
2

= —% cos 2x + /xcost dx
Evaluate [ xcos2z dx.

U=2x dv = cos 2z dx

du = dx v:%sinQ:c

/udv = uv—/vdu
1

1
= x~(fsin2x)—/fsin2x dx
2 2

= Tiin2e + L cos?
—2811'137 4COSZC

Therefore

2
2 . xr T . 1
/x sin 2z dx = —50052x+§sm2x+10082x+0 O

14



2. /sin(lnx) dx

u = sin(In ) dv = dz
du = cos(Inz) -+ dxv v=u

/udv = uv—/vdu

1
= sin(lnz) -z — /a: ~cos(lnz) - — dx
x

= zsin(lnz) — /cos(ln x) dx

Now we apply integration by parts once again to [ cos(Inz) dx

u = cos(In ) dv = dzx
du = —sin(Inz) - * dx V=2

/udv = uv—/vdu
= cos(lnx)~x—/x' <—sin(lnx)'1> dx

T
= zcos(lnx) —i—/sin(lnaz) dx

If we put this together, we get
/sin(ln x)dr = zxsin(lnz) — (a: cos(Inx) + /Sin(lnx) da:)

= zxsin(lnz) — zcos(lnzx) — /sin(ln x) dx

We now solve for [sin(Inz) dz.
2 / sin(lnz) dz = zsin(Inz) — x cos(In x)
which implies

. L.
/Sln(ln x) dx = 5 [zsin(Inz) — xcos(lnx)] O

15



Evaluate the trigonometric integral.
3. /sin6 x cos® x dx
We use the identity sin? z + cos? z = 1 and make the u substitution
u = sinx

du = cosx dx

sin® z cos? z - cosz dx

/Sin6xcos3x de =
. 6 .2
sin® z(1 — sin” z) - cos x dx

u®(1 — u?) du

(u® — u®) du

I
— e — —

u” o
= ———+C
T 9 *
T 9
sin“z  sin’z
= - +C O
7 9
w/2
4. / cos® z dx
0
We will use the identity cos?z = (1 + cos 2z).

w/2 9 7r/2]_
/ cos“x dr = / — (1 +cos2zx) dx
0 o 2
1 1 w/2
= 5 x+§sin2x0
1rm 1 T 1 1
pr— _— _— —_— 1 2'7 —_— —_ 1 2.
2{2+28m( 2” 2[0+2sm( 0)
™
= - O
4

16



5. /tan3xse05x dx

We use the identity tan®+1 = sec? x and make the u substitution:

u = secx
du = secxtanz dx
3 5 _ 2 4
/tan rsec’x dr = /tan rsec”z -secxtanz dx

= /(sech - 1) sect x - secxtanz dx
= /(u2 — 1)u* du
e /(uG — 'LL4> du

uoud
e,
7 5 +
sec’x  sec®x
— - C O
7 5 +

17



Evaluate the integral using a trigonometric substitution.
25
A w
Vi +4
We make the substitution:
r = 2tanf
dr = 2sec’f do
and, using the identity tan? 6 + 1 = sec?#,

2+4 = /(2tanf)? +4
= /4tan?6 +4
= /4(tan%60 + 1)
= Visec2d

= 2sect
Making the substitution we get

2 5
= /( tanf) - 2sec? 0 db
2secd

= 32/tan593ec9 de

25
[ 2w
Vat+4

2

To solve this trig integral, we use the identity tan® 41 = sec”x and

make the u substitution:

u = Ssecx

du = secztanz dx

32/tan598e(:6 df = 32/tan4esec9tan9 de

= 32/(tan2 0)* sec O tan 6 do

18



= 32/(8602 0 —1)*sectan6 do
- 32/(u2 12 du
— 32 / [(u?)? — 2u® + 1] du

- 32/[u4—2u2+1] du

u® ud
= 32— -2 — C
[5 ‘ +u]+
59 2
= 32 lse(; —3sec39+se00]+0

Finally, we should write the integral in terms of the variable . We
know that = 2tan#, so we can draw a right triangle to solve for
sec 6.

2 244
tanezx, Tt

22+ 4 T 2 RV D)

\
Q
o
%)
>

\

Making this final substitution, we get

+C

/ xd 32[1 (\/x2+4)5 2( :L‘2—|—4>3+ 24+ 4
- 3

22 1 4 2 3 2 2

Va2 +4+C

1
5(:11;2 +4)* — i(xQ +4) + 16

I could go further on simplifying, but I am going to stop here. On the
test, you can stop on the next to the last (the penultimate) line.

19



7. Write out the form of the partial fraction decomposition of the function.
Do not determine the numerical values of the coefficients.

1 1 A B C
(a) = =—+

B 4+22+r  w(z+1)?2 x IB+1+($—|—1)2

x—1 r—1 _é+Bx+C
B4z z(@2+1) oz a2+ 1

x? Ar + B N Cx+ D
(2242 +1)2  (224+x+1) (22 +2+1)2

20



8. Evaluate the integral.

1
() / (x+4)(z—1)

First, we need to expand with partial fractions.

dx

1 A B

Gt D@—1) z+4 z-1

1=A(x—1)+ B(z+4)
Let x = 1. Then )

Let x+ = —4. Then

1:—5A:>A:—é

Therefore

/ 1 J 1 1 +1 1
xT = —_ — .
(x+4)(x—1) 5 z+4 5 z-—1

1 1
= —gln|x+4|—|—gln|x—1| O

(b) /”’72_5'7Jr8 du

3 + 4z

2> —z24+6 1°—2+8 A Br+C
w3 +4r  z(224+4) 0 2244

2~ +8=A(2*+4)+ (Bx+O)x

Let x = 0. Then
S=4A=A=2

21



Let z = 1. Using A = 2, we get
1?-148=2-(1?+4)+(B-1+C)-1=B+C= -2

Let x = —1. Using A = 2, we get

(=1)*—(=1)+8 = 2:((—=1)*+4)+(B-(—=1)+C)-(-1) = B-C =0

We can solve the system of equations below.

B+C = -2
B-C =0

Therefore
22 —x+8 2 r+1
— —dxr = /—— d
./ 3 + 4x v r x2+44 v

2 T 1
- /:zcdw—/yﬂ—i-llaklg_/aﬁ—i—éldaj

We will solve each of these integrals by a different method.
2
3 /f de =2Inlz|+C
x

T
d
./x2+4 v

Use the substitution method.

v = 2244
du = 2x dx
1
—du = xzdx
2

22



[oide = Ly
2 +4 T u
1
= §1n|u|+C’

1
= iln(a:2+4)+0

1 1./
s [ do= g (3)+C

Here we use the formula

1 1
| s du=tan! <u>+0
us+a a a

Finally, the answer is

2 8 1 1
/xng; dr = 21In |z| —21n(:c2+4)—2tan1(

23

T

2

)+CD



9. For finding an approximation using the Simpson’s Rule, with n = §,

2
for the integral / e’ dx, state the following.
0

(a) a=0
(b) b=2
b—a 2-0 1
Ar = =2 =202

(c) Az =— 2

(d) Lo, L1, T2, y Ly
rog — 0
Ty = 0.5
Ty = 1
s = 1.25
Tg = 1.5
rg = 2

(e) Write out an expression for Sg, without evaluating the expression.

Sp = A; [f(zo) +4f(21) +2f(22) +4f(23) + ... + 2f(n2) + 4f (Tn1) + f(20)]

0.25
Sg = 3 [f(0) +4£(0.25) +2f(0.5) +4f(0.75) + 2f (1) + 4f(1.25) + 2f(1.5) + 4f(1.75) + f(2)]
Sg = 0325 {6(0) 4+ 4e(025) 4 9,(05) 1 4,(075) 4 9,(1) 4 fe(1:25) 4 9o(15) 4 4o(175) 4 6(2)}

24



10. How large do we have to choose n so that the approximation for 7},, M,,

2

and S,, to the integral / e® dx is accurate to within 0.000017
0

If |f"(z)] < K for a <z <b, then

K(b—a)?
By < K=
and

|Eyv| <

If | f®(z)| < K for a < 2 < b, then

K —a)’

Edl <
|Bs| < 180n4

f®)(x) = e® for all positive integers k. Because y = e” is an increasing
function, it takes its maximum value at z = 2. Therefore, we let K = €2
for Er, Ey and Eg.

In order to have Fr = within 0.00001 of the given integral, we want

e?(2—-0)%  2¢?
Er| < ———— = — < 0.00001
|Erl < 12n? 3n?
= 2 <n?
—<n
3(0.00001)
2e?
3(0.00001)

= 7019 <n

<n

Choose n = 702.

In order to have E,; = within 0.00001 of the given integral, we want

e2(2-0)3 €2
Fyl < —— = — < 0.00001
Eul = =5 3n2

2
€ 2

~ 3(0.00001) ="

25



62
— <
~ A\ 3(0.00001) " "

=496.3 < n

Choose n = 497.

In order to have Eg = within 0.00001 of the given integral, we want

e2(2—-0)° 82

Er| < —
|Br| < 180n4 454

< 0.00001

45(0.00001)
8e?
45(0.00001)

4

<n

= 19.03 < n

Choose n = 20. Note that for Simpson’s Rule, n should be even.

26



11. Determine whether each integral is convergent or divergent. Evaluate
those that are convergent.

(a) /OO 2™ dx

o 2 —g3 o 2 —g3 0
/ ze de = / Toe dr + / dx
—00 0 —00
0

t
. _ 3 . _ .3

= lim [ 2% dr+ lim 2™ dx
t—o0 J t——o00 Jt

Make the following substitution:

u = —x
du = —32°%dx
1
—du = 2%d
5 U zdx
: 1
/:L’2e’”5 de = —3 e" du
1 U
= ——¢
3
1 s
= ——¢
3
o 2 —x3 : t 2 —a3
/ Tée dr = lim xle dx
0 t—o0 Jo
i { 1 3 ¢
= lim |—=e¢
t—o00 3 lo
1 1
= tlim {—e_tﬂ — [—6_01
1 . vy 1
_ 1
3

27



0 2 3 02 3
/ ze” " dr = lim e dx

—00 t——o0 Jt
1 _s1°
= lim [—e r]
t——o00 3 t
. ]- 703 ]_
e[
1 1
—3+ [5.tm e ]
00
The integral is divergent.O
3
b / 1
0) [ sz dn
31 y 3 p
/0 oT =0t Ji ZL‘\/_ ’
= lim 32 dy
t—0t+ J¢

— —2lim [3—1/2 — t—l/Q]
1 ) 1
- 2|5 ]

Because lim —= = oo, the integral is divergent. O

t—0+ \/_

28



12. Use the Comparison Theorem to determine whether the integral is con-
vergent, or divergent.

oo 9 -z
/ te dx
1

T

o<ttt o,
T

T

The integral ffoi dx is divergent because it is of the form [ :%p dx
with p = 1. Therefore, by the Comparison Theorem, the integral

-z . .
2t dz is divergent.O
x
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